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ENERGY AND POTENTIAL gl g A8kl

4.1 Energy Expended In Moving a Point Charge in an Electric Field

The electric field intensity was defined as the force on a unit test charge at that point at
which we wish to find the value of this vector field. If we attempt to move the test charge against
the electric field, we have to exert a force equal and opposite to that exerted by the field, and this
requires us to expend energy, or do work. If we wish to move the charge in the direction of the

field, our energy expenditure turns out to be negative; we do not do the work, the field does

Suppose we wish to move a charge Q a distance dL in an electric field E. The force on Q

due to the electric field is

Fr = QE
where the subscript reminds us that this force is due to the field. The component of this force in

the direction dL which we must overcome is

Fg, = QE.a
where a; = a unit vector in the direction of dL

The force which we must apply is equal and opposite to the force due to the field

Foppiy = —QE.ay
and our expenditure of energy is the product of the force and distance. That is,

Differential work done by external source moving Q

dW = —QE.a,dL == —QE.dL

Returning to the charge in the electric field, the work required to move the charge a finite

distance must be determined by integrating

final
W=-0Q E.dL

inital

where the path must be specified before the integral can be evaluated. The charge is assumed to
be at rest at both its initial and final positions.
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Example: An electrostatic field is given by E = (x/2 + 2y) ax + 2x ay (V/m). Find the work done
in moving a point charge Q =-20 xC (a) from the origin to (4, 0, 0) m, and (b) from
(4,0,0) mto (4, 2,0) m?

Solution:
(@ The first path is along x-axis, so that the dL = dxa,

final 4 X2 4
W =-— E.dL = —(—20 X 10-6)f (5+2y).dx=20x107° [—l = 80uJ
s \2 4|

inital

(b)  The second path is in the ay direction, so that the dL = dya,,

2
W =—-(-20x 10_6)f 2x.dy =20 %X 107° X 2 x 4[y]3 = 160 x 107° x 2 = 320uJ
0

Example: Find the work done in moving a point charge Q = 5 uC from the origin to

10
rsin6

(2 m, /4, 7/2) spherical coordinates, in the field E = 5e~"/*a, +

ag (V/m)?
Solution:

dL = dra, + rdfag + r sin 6 d@ ag

final
W=-0 E.dL

inital

final 10
=—5u .]; (Se‘r/“ar o g 2? ) (dra, + rdfag + r sin6 dd a,)

nital

2 /2
- _ -r/4 _ :
S5u fo Se dr Sﬂj; —sme’ sinf d@

= —25u (—4)|e"/*|; - 5 (10)|0[/>

T
=100u(e” /% —€°) —50u x > =—117.9u]
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Example: uniform line charge lie along z-axis, determine the work expended in carrying Q

from a to b along:

(@ Circular path?
(b) Radial path?

4

N

/" Infinite line /
charge p; /Pr

". —r» L

dL=dpa,
dL=p,dpa,

(a) (b)

Figure: (a) A circular path and (b) a radial path along which a charge of Q is carried in the field

of an infinite line charge.

Solution:
The electric field of a line charge is E=-f_ 0
2TELP
(@) forcircular path dL = pd®@ay
4 py
W =- j a,.pdPay =0 a,.ap) =0
Q327T50Ppp (0] (p Q))
(b) forradial path dL = dpa,
final b a
p pL dp p dp
W =-Q zL ap.dpapz—szL—z_Q LJ_
inital 4TT€oP a <& P 2mey Jp P
—Q b
W = - In—
2me, a
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4.2 The Line Inteqral

A line integral is like many other integrals which appear in advanced analysis, including
the surface integral appearing in Gauss's law, in that it is essentially descriptive. It tells us to
choose a path, break it up into a large number of very small segments, multiply the component of
the field along each segment by the length of the segment, and then add the results for all the
segments. This is a summation, of course, and the integral is obtained exactly only when the

number of segments becomes infinite.

For this special case of uniform electric field intensity, we should note that the work
involved in moving the charge depends only on Q, E, and Lga, a vector drawn from the initial to
the final point of the path chosen. It does not depend on the particular path we have selected
along which to carry the charge. We may proceed from B to A on a straight line or via the Old

Chisholm Trail; the answer is the same.
dL = dxa, + dya, + dza,
dL = dpa, + pd@ay + dza,

dL = dra, + rdfag + rsinf d@ ay

Example: Given the nonuniform field E = ya, + xa, + 2a,, determine the work expended in

carrying 2C from B(l, 0, 1) to A(0.8, 0.6,1) along:

(@)  The shorter arc of the circle X +y* =1 z=1?

(b) The straight line path from B to A?

Solution:

@ W=-0 f; E.dL=2 f;(yax + xa, + 2a,).(dxa, + dya, + dza,)
0.8 0.6 1 0.8 0.6
=—2f ydx—2f xdy—4f dz=—2f 1—x2dx—2f J1—y%2dy -0
1 0 1 1 0
0.8 0.6
=— [x\/ 1—x2 +sin™! x] — [y 1—y2+sin? y]o
1

= —(0.48 +0.927 — 0 — 1.571) — (0.48 + 0.644 — 0 — 0) = —0.96]
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(b) We start by determining the equations of the straight line

Y — Yo = m(x — Xo)
Ay yp—ys 0-06 —0.6

m = stope Ax xg—x4 1-0.8 0.2
At point B
y—0=-3(x—-1),
y=-3(x-1)

0.8 0.6 1
W=—2J. ydx—2f xdy—4fdz

1 0 1

0.8 0.6 y
=6 (x—l)dx—Z] (1-2)dy=-096 1
1 0 3

4.3 Definition of Potential Difference and Potential

We are now ready to define a new concept from the expression for the work done by an

external source in moving a charge Q from one point to another in an electric field E,

final
W=-0 E.dL

inital
In much the same way as we defined the electric field intensity as the force on a unit test

charge, we now define potential difference V as the work done (by an external source) in

moving a unit positive charge from one point to another in an electric field,
final

potential difference =V = — J E.dL

inital

Potential difference is measured in joules per coulomb, for which the volt is defined as a

more common unit, abbreviated as V. Hence the potential difference between points A and B is

A
VAB :_j EdL

B

Vg is positive if work is done in carrying the positive charge from B to A.
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4.4 The Potential Field of a Point Charge

The potential difference between points located at r = ra and r = rg in the field of a point

charge Q placed at the origin

- Q
E =

Ame,r? ar
and dL = dra,

A TA TA
Q f Q

Vip=—1| E.dL =— —a.,.d = —
AB ,fB frB 4rre,r? dr-aray g Ame,T?
V 9 < - - ) V %
AB_47T€0 rA rB) 4 B

The potential difference between two points in the field of a point charge depends only on
the distance of each point from the charge and does not depend on the particular path used to

carry our unit charge from one point to the other

How might we conveniently define a zero reference for potential? The simplest possibility

is to let V = 0 at infinity. If we let the point at r = rg recede to infinity the potential at rA becomes

g -39

4te, 1y g

Since there is no reason to identify this point with the A subscript,

Q

4me,r

|4

This expression defines the potential at any point distant r from a point charge Q at the origin,

the potential at infinite radius being taken as the zero reference.

A convenient method to express the potential without selecting a specific zero reference entails

identifying ra as r once again and letting Q/4x&,rg be a constant. Then

Q

V=
dmte,r

C1 may be selected so that V = 0 at any desired value of r. We could also select the zero
reference indirectly by electing to let V be Vo atr = r,.
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Example: Find the potential at ra = 5 m with respect to rg =15 m due to a point charge

Q =500 pC at the origin and zero reference at infinity?

Solution:

Vap = J (l—i>

4mte, \rA 1B

500x 1072 1 1
_S0XW0TA Ly

A~ 4re, 5 15

The zero reference at infinite must be used to find Vs and V15

- Q (1)_500x10‘12<1>_09V

> 4me,\r5) A4me, 5/
o Q (1)_500x10‘12(1)_03V
57 4me, \r15) = 4me, 15/

Example: A 15-nC point charge is at the origin in free space. Calculate V; if point P is located
atP; (-2,3,-1)and: () V=0at (6, 5, 4); (b) V =0 at infinity; (c) V=5V at (2, 0, 4)?

Solution:
a_
Q
PL7 Ame, Ry, te
Q
C=Vyp————
ref 4n€ORTef
15 x 107°
C=0- = —15.37
Amre, N 6% + 52 + 42
15 x 107°
Vpl = — 15.37
e, V22 + 32 4+ 12
V=207V
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b- V=0 at infinity

Q 15 x 107°
Vo1 = = = 36.04V
4meoRyq Ame,N 2% + 3% + 12
C_
Q 15 x 107°
C=Vies — = = —25.15

< _5_
4meoRyer At N 2% + 0% + 42

Vy1 =36.04 —25.15=10.89V

4.5 The Potential Field of a Line Charge

The potential difference between points located at p= a and p= b in the field of a point

charge Q placed at the origin

= PL
E =
Znsopap
and dL =dpa,
A a a
PL PL
PR R R A T
AB B p 2mE,p P b 2TTELP
PL b
Vig = In—
AB 2mE, a

Example: For a line charge p, = 1072/2 C/m on the z-axis, find Vag, where A is (2m, /2, 0)

and B is (4m, t, 5m) ?

Solution:
PL b
Vip = In—
AB 21e, na
_0.5><10‘91 4—624V
4B =T ome, 2

57



DATE / /2013 ENERGY AND POTENTIAL Lecturer: Mohammed Kamil Salh

4.6 The Potential Field of a System of Charges

The potential field of a single point charge, which we shall identify as Q; and locate at r1,
involves only the distance |r - r1| from Q1 to the point at r. For a zero reference at infinity, we
have

01

|74 =
™ die,|r — |

The potential due to two charges, Q; at r; and Q; at r,, is a function only of |r — r;
and|r — ry|, the distances from Q; and Q; to the field point, respectively.

Q1 Q2

V(ir)=V(r) =
) ) dme,|r — 1y + dme,|r — 1y

If the charge distribution takes the form of a line charge, a surface charge, a volume charge

the integration is along the line or over the surface or volume:

dL
V= f pL
4me,|R|

V:f psds

s 4me,|R|

V=J pydv
vo1 4, |R|

Example: Five equal point charges, Q=2 nC, are located at x=2, 3, 4, 5, 6 m. Find the potential at

the origin?
Solution:

V:V1+V2+V3+V4+V5

v, = Q v, = Q
4mte,my 4rre, 1y
_2x10-9<1+1+1+1+1>_26w
"~ 4me, \2 3 4 5 6/
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Example: Find the potential V at (0, 0, K) for cylindrical surface charge p;

and p = a?
Solution:
. f psds
s 4me,|R|

ds=pd@ddz = adddz

R=-aa,+ (k—2z)a,

IRl = ya? + (k — z)?

f fZ” Pso@ AP dz
4me, a2 + (k —z)?

pSOa’ f
X 4T
me, 0o ya?+ (k—2z)?

apso f —dz
/1 +(=3)
— k —
V= e [smh ( Z)]
2¢, a 0

k—nh k
V= s [sinh‘1 (—) — sinh™! (—)]
2¢, a a

* sinh™ 1u—ln(u+ +1

k h ’k h \
v=">2°ln +1
2¢,

Pso | ( k ++Va? + k? )
= n
26 \k—h++/a?+ (k— h)?

V =

(54 W)
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4.7 Gradient
The vector field VV (also written grad V) is called the gradient of the scalar function V

av av av

vV = aax + an + Eaz ( Cartesian)
VV—aV +16V +6V lindrical
_apap paoaq) 5 a, ( cylindrical)
av 10V 1 av

Vv = Ear + - ( spherical)

%ag +rsin9%a®

4.8 Relationship Between E and V

The electric field intensity E may be obtained when the potential function V is known by
simply taking the negative of the gradient of V. The gradient was found to be a vector normal to
the equipotential surfaces, directed to a positive change in V. With the negative sign here, the E

field is found to be directed from higher to lower levels of potential V
E=-VV

Example: Given the potential field, V = 2x* y — 5z, and a point P(-4, 3, 6), find at point P: the
potential V, the electric field intensity E, the direction of E, the electric flux density D,

and the volume charge density p,,?

Solution:

The potential at P is:
V=2(-4)?>(3)-5(6) = 66V
The electric field intensity E is :

<6V av ov )
E=-VV =—-|+ a,

axax+$ay+5
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-0 —0 -0
E = a(Zny — 5z)a, +E(2x2y — 52)a, +E(2x2y — 52)a,

E = —4xya, — 2x* a, + 5a,

E at the point P is:

E =48a, —32a, + 5a,

D = ¢,E = g,(—4xy a, — 2x? a, + 5a,)

_VD_ODx+6Dy+6Dz_ p
Po = V-2 =% dy = 0z Fo ¥

= —4¢,(3) = —106.2 PC/m?

p”(atpointP)

Example: Given the potential field in cylindrical coordinates V =

100
z2+1

pcos® , and point P

p=3m,0=60°,z=2m, in free space find at point P: the potential V, the electric

field intensity E, the direction of E, the electric flux density D, and the volume charge

density p,,?
Solution:

The potential field V at the point P is:

V= 100 (3) cos(60) = 30V
21 YT
E=-VV=-— a—Va +16—Va +a—Va
a ~ \9p? T pog“? oz

da ( 100 10 100
E=( ( pcos(b)ap+ (

@) +6(100 (2)) )
pcos®|ag e z2+1pcos a,

ap\z2 + 1 pd0\z2 + 1
—100 —-100 —200 z
= ZZ 1 COS(D ap +'Eii;—1 31n(D a¢ +'ZEE—;T155'[)COS(3 a,
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100 o -100 o —200(2)
2241 00 B T2y SN B T 2y

Eatp = 3cos60 a,

EatP =—-10a, —17.3ag + 24 a,

B (—100 s +—100 ind a- + —200 z p )
=¢,E =¢, Zz_l_lcos a, zz+1sm ag (Zz_l_l)zpcos a,
_VD_1a 5 +16D¢+6DZ

pv_ 0 _papp P paq) aZ
10 (—100 @)_'_16(—100 ] ®)+6<—2002 @)

pv_pap Z22+1 008 poQ 2Z2+1 0 0z (zz+1)2pcoS

1,-100 1,-100 24+ 1)% x (-200) — 200 4z(z%> +1
( cos )+ ( co (Z))+((Z )" x( ) zx 4u(z )

Po=\z2 1 p\z2 +1 (z% + 1)* pcosQ))

4.9 The Electric Dipole

An electric dipole, or simply a dipole, is the name given to two point charges of equal
magnitude and opposite sign, separated by a distance that is small compared to the distance to

the point P at which we want to know the electric and potential fields.

The dipole is shown in Figure 4.9a. The distant point P is described by the spherical
coordinate’s r, #, and @ = 90°, in view of the azimuthal symmetry. The positive and negative

point charges have separation d and rectangular coordinates (0, 0, % d) and (0, 0, -% d),

respectively.

Ry~ g To distant
P - , paint P

_Q./ ~ /—

Figure 4.9: The geometry of an electric dipole
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The distances from Q and —Q to P be R; and Ry, respectively, and write the total potential as

@ (1 1)_ Q R— Ry
~ 4me,\R, R,) 4me, RiR,

R, —R; =d cosf
The final result is then

Qd cos 6
V="Tr—%

4me,r
Using the gradient relationship in spherical coordinates
av 10V 1 av )

E=-r= _(Ear-l_;%ae +rsin9%a®

£ ( Qdcos 6 Qdsin@ )
- 2me,r3 ar Ame,r3 9

E (2cosBa, +sinfag)

4mre,r3

The potential field of the dipole may be simplified by making use of the dipole moment. We first
identify the vector length directed from —Q to +Q as d and then define the dipole moment as Qd
and assign it the symbol p. Thus

P=0Qd

Because P.a,. = d cos 6, we then have

P.a,
y=—I_
4mre,r?

This result may be generalized as

_ P(r—-7)
4w, |r — 7|3

|4

where r locates the field point P, and 7 determines the dipole center
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Example: A dipole InC at (0,0, 0.1) and -InC at ( 0, 0, -0.1) . (a) Calculate V and E at

(0.3,0, 0.4)?
Solution:
_Qd cosb
V= Amre,r?

r=+x2+y2+22=40324042 =05

A xZ 4+ y? 0.3
1Ty =tan 1— = 36.9°

0 = tan 0

Ve 1 X107 %X 0.2 cos 36.9

> =576V
4me, 0.5
Qd .
E= dme,r3 (2cosfa, +sinfagp)
1 x1077 x0.2 _
E = 2,057 (2cos36.9a, +sin36.9ay)

Example: An electric dipole located at the origin in free space has a moment p = 3a, — 2a, + &,

nC.m, find V at Pa(2, 3, 4)?
Solution:

P.(r—1)
 Ame,|r — 7|3

r = 2a, + 3a, + 4a,
r=0

V_(3ax—2ay+az).(2ax+3ay+4az—0)_ 3x2—2%3+1x%4

h = = = 023V
4me,|2a, + 3a, + 4a, — 0| 4dme, (V22 + 3% + 42)
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Example: A dipole of moment p = 6a, nC.m is located at the origin in free space. (a) Find V at

P(r=4,6=20°,0=0°).(b) FindEatP ?

Solution:
V_PcosB_V_6><10_9c0520_317V
C4me,r? 0 4Ame, (42 T
E= (2cos0a +sindag) = 225 (5 cos 20, + sin 20a,)
= Tners cosfa, +sinfay) = Iz, (@) cos 20 a, + sin 20 a,
E=158a,+02%9a9 V/m
Home work

Q1: Find V on the z axis for a uniform line charge p, in the form of aring, p = a, inthez=0

plane?

Q,: Let a uniform surface charge density of 5 nC/m? be present at the z = 0 plane, a uniform line

charge density of 8 nC/m be located at x = 0, z = 4, and a point charge of 2 4C be present at

P(2,0,0). IfV=0at (0, 0,5), findVat(l,2, 3)? Ans: 1.98 KV
Qs: In spherical coordinates,E = (ri%ﬂar V/m. Find the potential at any point, using the

reference (a)V = 0 at infinity; (b)) V=0atr=0; (c)V=100V atr=a.?

Qa: Given V = 80p%¢ V, assuming free space conditions, find. (a) E; (b) the volume charge

density at p= 0.5 m; (c) the total charge lying within the closed surface p=10.6,0<z < 1.

Ans: —48p%*, -673 C/m®, -1.96 nC

Qs: A dipole having a moment p = 3a, —5ay + 10a, nC . m is located at Q(1, 2,-4) in free space.

Find V at P(2, 3, 4)?

Ans: V=1.31

Qs: The dipole lie on z-axis and located at the origin, find the difference in potential between

points at 8, and 6,,, each point having the same r and @ coordinates?
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